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Abstract Resumen
In gas flows at supersonic speeds, shock waves, flow
separation and turbulence are produced due to sudden
changes in pressure. The behavior of the compressible
flow can be studied by using experimental equipment
or by numerical methods with codes of the compu-
tational fluid dynamics (CFD). In the present work,
the air flow is simulated in a 2D computational do-
main with the ANSYS-Fluent code version 12.1 for
the geometry of a planar nozzle, using the Reynolds
averaged Navier-Stokes (RANS) equation, with the
objective of evaluating five turbulence models: SST
k − ω, k − e standard, k − ω standard, k − kl − ω
of transition and RSM. Numerical results of static
pressure profiles were obtained for the walls of the
nozzle and of the shock wave forms in the flow field,
for two conditions of pressure ratios rp = 2.008 and
rp = 3.413, which were compared with the experi-
mental data of Hunter’s work. It is concluded that
the numerical results obtained with the turbulence
model SST k−ω of Menter (1994) are more adjusted
to the experimental data of static pressure and shock
wave forms.

En los flujos de gas a velocidades supersónicas se
producen ondas de choque, separación del flujo y tur-
bulencia debido a cambios repentinos de la presión. El
comportamiento del flujo compresible se puede estu-
diar mediante equipos experimentales o por métodos
numéricos con códigos de la dinámica de fluidos com-
putacional (DFC). En el presente trabajo, el flujo de
aire se simula en un dominio computacional 2D con el
código ANSYS-Fluent versión 12.1 para la geometría
de una tobera plana, utilizando la ecuación de Navier-
Stokes de número de Reynolds promedio (NSRP), con
el objetivo de evaluar cinco modelos de turbulencia:
SST k−ω, k−e estándar, k−ω estándar, k−kl−ω de
transición y RSM. Se obtuvieron resultados numéri-
cos de perfiles de presión estática para las paredes
de la tobera y de formas de ondas de choque en el
campo de flujo, para dos condiciones de relaciones de
presión rp = 2, 008 y rp = 3, 413, los cuales fueron
comparados con los datos experimentales del trabajo
de Hunter. Se concluye que los resultados numéricos
obtenidos con el modelo de turbulencia SST k − ω
de Menter (1994) están más ajustados a los datos
experimentales de presión estática y de formas de
ondas de choque.

Keywords: Air flow, turbulence models, Shock wave,
Static pressure, Planar nozzle, supersonic speed.
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1. Introduction

Experimental studies of the behavior of compressible
flow at supersonic speeds, are carried out in nozzles
with different geometries in the divergent cross section,
namely circular, oval, and rectangular among others.
When a sudden change in pressure occurs in the diver-
gent section of the nozzle, a shock wave is produced
which causes that properties of the fluid such as tem-
perature, velocity, density, among others, vary as a
consequence of decompression and compression of the
flow. The Mach number is the dominant parameter in
the analysis of this type of flow.

Schlieren technique is a manner to obtain the shape
of the shock wave, the turbulences and the separation
of the flow from the nozzle walls. Such technique is
recurrently employed in the field of high velocity flow,
and was proposed by the German physicist August
Topler in 1864 [1], who was the first to visualize the
shape of the wave. It uses an optical process to capture
images of the variation of the density.

The images and physical parameters of the com-
pressible flow that are obtained in the lab, are of great
importance to know its nature when subject to dif-
ferent variations of pressure and temperature. The
magnitude of the physical parameters are obtained by
direct observation, and the magnitude of other ther-
modynamic properties are obtained using empirical
equations or mathematical models.

In the literature there are works reported about
the limit layer of compressible flow [2]; the limit layer
with different conditions of pressure gradient [3]; nor-
mal and oblique shock waves, Prndtl-Meyer expansive
waves [4, 5] and turbulence [6].

The behavior of compressible flow can be repro-
duced using computational fluid dynamics (CFD)
codes [7, 8], which employ mathematical models of
governing equations and turbulence models [9] coupled
in the equation of momentum.

Among the different geometry of laboratory ex-
perimental nozzles, it has been chosen to study the
compressible flow for a flat nozzle. Figure 1 shows an
image of its geometry (Hunter [10]).

Based on the one-dimensional theory, the flat noz-
zle shown in the image has a mean angle of 11.01◦ in
the divergent section, which is considered to be out
of design with respect to its geometry. This nozzle
was designed for a pressure relationship rp=8.78 at the
outlet of the divergent section, for a Mach number 2.07
and a pressure of 102.387 kPa (14.85 psi ) at the inlet
of the convergent section, for a stagnation temperature
of 294.444 °K (530 ◦R) in the throat, for a Reynolds
number 3, 2× 106 [10].

It can be pointed out that the mean angle of design
of the divergent section for conic nozzles is typically in
the range 12-18◦ [11], and the same principle applies
for flat nozzles.

Figure 1. Photograph of a convergent-divergent flat nozzle
(Hunter [10]).

Hunter [10] reported experimental results of static
pressure measured at the wall of the flat nozzle, for
the range of pressure relationship rp = 1.255− 9.543.
In addition, the flow of air was simulated for the geom-
etry of the flat nozzle, using three turbulence models,
namely Shih-Zhu-Lumley (SZL) [12], Gatski-Speziale
(GS) [13] and Girimaji [14], which were compared with
the experimental data of pressure for rp = 3, and the
model SZL showed the best results.

Balabel [15] simulated the flow for the geometry of
the flat nozzle [10], with the turbulence models stan-
dard k−e [16], extended k−e [17], v2−f [18], realizable
v2 − f [19], SST k − ω [20] and RSM [21], and com-
pared the obtained numeric curves with experimental
data of static pressure for rp = 1.255, rp = 2.412 and
rp = 5.423. In addition, the flow was simulated using
the SST turbulence model for low and high Reynolds
number, also comparing with experimental data for
rp = 2.412 and rp = 5.423. Based on the results, the
SST k−ω turbulence model best fits the experimental
data.

Besides, the geometry of the flat nozzle [10] was
also used by Toufique [22], who simulated the flow
with the standard k − ω turbulence model [23], and
compared the shapes of the shock waves obtained with
experimental data, for rp = 2.4 and rp = 3.0. Results
showed that the width of the Mach disc is slightly
smaller than the experimental Mach disc. Kotteda et
al. [23] also studied the flow for different relationships
of pressure and area and simulated the 2D flow with
the Sparlat-Allmaras turbulence model, obtaining dif-
ferent configurations of the shape of the shock waves.

Other relevant works for flat nozzles with different
dimensions than the flat nozzle studied by Hunter [10],
are now mentioned. Forghany et al. [24] conducted a 2D
computational research of the aerodynamic effects in
the vectorization of the thrust by fluid, observing that
the free flow reduces the vectorization performance and
the thrust efficiency, compared to the static condition
without wind.

Shimshi et al. [25] used experiments and 2D simu-
lations to study the flow separation for a high Mach
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number in the divergent section, and found that the
transition to the asymmetric separation resulted in the
jet joining the nozzle wall, and the inverse transition
is accompanied by a hysteresis effect. Arora et al. [26]
conducted experiments for the flow in a nozzle with
double divergent section, observing that the angle be-
tween the two sections influences the structure of the
collision.

Sivkovik et al. [27] conducted experiments and 2D
simulations of the flow under vector control, aiming to
establish a methodology of the geometry of the flow.
Martelli et al. [28] simulated for an asymmetric 3D
flow, and reported the instability of the collision and
the frequency of the characteristics. Kostic et al. [29]
simulated the 2D flow for the vector control of the
thrust with different positions, obtaining the direction
of the thrust force and losses.

Verma et al. [30] studied the unstable nature of
the structure of the collision, and the results showed
that the fluctuations of the pressure on the wall are
accompanied of a resonance, and that the tones of such
resonance ted to disappear as the pressure relationship
increases and the limit layer experiments a transition.

In this work, the behavior of the flow of air in an
experimental flat nozzle is simulated in a 2D computa-
tional domain [10] for five turbulence models, in order
to evaluate and determine which of them produces
numeric results closer to the available experimental
data of static pressure and shape of the shock waves,
reported in the work by Hunter [10] for rp = 2.008
and rp = 3.413.

In addition, the mathematical fundamentals, simu-
lation results and comparison with experimental data
are also presented, as well as the comparison of the
numerical and experimental shapes of the shock waves.
At last, the conclusions of the analysis conducted are
exposed.

2. Materials and methods

2.1. Mathematical fundamentals

The four equations of fluid dynamics that govern sta-
tionary flow are the mass conservation equation

∇ · (ρ~u) = 0 (1)
the energy conservation equation

∇ · (ρuu) = −∇P +∇ · (¯̄τ) (2)
the equation of momentum

∇ · (~u(ρE + P )) = ∇ · (keff∇T + (¯̄τeff · ~u)) (3)

and the state equation

∂ρ

∂p
= 1
RT

(4)

Where the tensor of tensions is expressed as ¯̄τ =
µ

[
(∇~u+∇~uT )− 2

3∇ · ~uI
]
, with I the unit tensor, the

energy is expressed as E = h− P
ρ + u2

2 , ρ is the density,
u is the velocity, ~u is the velocity vector, P is the
pressure, µ is the viscocity, h us the enthalpy, R is the
gas constant and T is the temperature. In addition,
keff is the effective conductivity, which is a function of
the turbulent thermal conductivity kt and the effective
tensor of tensions ¯̄τeff .

For compressible flow, the relation of pressures and
temperatures as a function of Mach number M are
given by

P0

P
=

(
1 + γ − 1

2 M2
) γ
γ−1

(5)

and

T0

T
= 1 + (γ − 1)

2 M2 (6)

respectively, where the parameters are total pres-
sure P0, total temperature T0, Mach numberM = u

c
and speed of sound c =

√
γRT , where R is the gas

constant and γ = Cp
Cv

is the relation of specific heat.
Considerations on the Mach number are the follow-
ing: for incompressible flow M < 0.3, subsonic flow
0.3 < M < 0.8, transonic flow 0.8 < M < 1.2, super-
sonic flow 1.2 < M < 3 and hypersonic flow M > 3;
and for flow with sonic velocity, M = 1 [5].

The variation of the viscosity of gases as a func-
tion of temperature can be approximated according to
Sutherland law as [5].

µ

µ0
=

(
T

T0

) 3
2 T0 + S

T + S
(7)

where µ0 = 1, 716 kg/(m.s), is the reference viscos-
ityia T0 = 273, 11 K, is the reference temperature and
S = 110, 56 K is the effective temperature.

There are different turbulence models reported in
the literature, with their respective mathematical de-
scriptions. The turbulence models are semi-empirical
transport equations that describe the mixing and diffu-
sion that increase due to turbulent eddies, as a function
of the viscosity of the fluid and the turbulent viscos-
ity, among other variables. The models of turbulence
are coupled in the linear equation of momentum, and
the tensor of tensions is a function of viscosity. This
mathematical expression is the Average Reynolds num-
ber Navier-Stokes equation (RANS). Besides RANS,
there is the large eddies simulation model (LES) and
the direct numerical simulation model (DNS). Initial
research works about turbulence were conducted by
Kolmogorov (1941), based on the results obtained by
Reynolds (1883).

The five turbulence models used in numerical simu-
lations by means of RANS are SST k−ω by Menter [20],
standard k−e by Launder and Spalding [16], standard
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k−ω by Wilcox [31] and transition k− kl−ω by Wal-
ters and Cokljat [32], which are based in the turbulent
viscosity and are supported by Boussinesq hypothesis.
The RSM turbulence model by Launder et al. [21] for
the pressure linear tension [33] and the effects of wall
reflection [34] is supported in the tensions models by
Reynolds.

2.2. Computational domain, meshing and
boundary conditions

The geometry of the flat nozzle [10] studied in this
work is shown in Figure 2, and the dimensions of the
points of reference can be seen in Table 1.

Figure 2. Schematic representation of the flat nozzle pro-
jected on the Cartesian xy plane. Adapted from Hunter [10].

Table 1. Dimensions in inches and in millimeters of
the points of reference of the flat nozzle. Adapted from
Hunter [10]

Coordinate (in) Coordinate (mm)
Points x y x y

A 0,000 0,000 0,000 0,000
B 0,000 -0,614 0,000 -15,595
C 0,000 1,386 0,000 35,204
D 0,917 1,163 23,291 29,540
E 0,988 0,611 25,095 15,519
F 2,394 0,553 60,807 14,046
G 2,430 0,559 61,722 14,198
H 2,275 1,166 57,785 29,616
I 4,550 0,972 115,57 24,688

The geometry of the 2D computational domain can
be seen in Figure 3, which is projected in the Carte-
sian xy plane, considering adiabatic the walls of the
domain. The flow for this section was simulated due to
the symmetry it possesses. The geometry of the nozzle
is constructed with the dimensions in Table 1.

Before the convergent section, there is a straight
segment of length x = −25.4 mm; the nozzle starts at
x = 0.0 mm, the throat is located at x = 57.785 mm,
and the divergent section of the nozzle ends at

x = 115.57 mm; the length of the section of the atmo-
sphere ends at x = 471.17 mm.

Figure 3. (a) Computational domain. (b) Subdomain: flat
nozzle.

Figure 4 shows the meshed domain, which is struc-
tured in a total of 20290 quadrilateral cells. The mesh
was refined towards the walls of the straight section
and of the convergent-divergent section, due to the
presence of shear stress in those regions.

The meshing was implemented in the ANSYS-
Meshing platform, and the domain was discretized
by means of the interaction ICEM-CFD. The dimen-
sioning included: smoothing, medium; center of the
expansion angle, fine; curvature of the normal angle,
18◦; minimum size, 0.000249 m; maximum size of the
surface, 0.0249 m; maximum size, 0.0499 m; growth
relationship, 1.2; and minimum length of the boundary,
0.000914 m. For the inflation: transition relationship,
0.272; maximum layers, 2; and grow relationship, 1.2.

Figure 4. (a) Computational domain meshed with 20 290
quadrilateral cells. (b) Meshed of the divergent section with
11 270 quadrilateral cells.

It is important to mention that, in order to obtain
a good quality of the mesh, it should be assured that
each cell is not very biased, since this can generate
difficulties and inaccuracies in the convergence of the
numerical solutions. The most appropriate type of bias
for bi-dimensional cells is the equiangular bias with
QEAS , where 0 ≤ QEAS ≤ 1 for any 2D cell, where
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an equilateral triangle, and a square or rectangle have
zero bias [35]. For the mesh with quadrilateral cells
in the domain shown in Figure 4, QEAS = 0 for 98 %
of the total cells and QEAS = 0.3 for the remaining
2 % of cells, resulting in a good quality mesh of the
computational domain.

As part of a numerical convergence study, the mesh
shown in Figure 4 yielded a satisfactory result with a
final Mach number 2.0036 at the end of the divergent
section in the axial symmetry, at the distance 115.57
mm for rp = 8.78, and using a SST k − ω turbulence
model. This is an acceptable value when compared to
the design value Mach 2.07 obtained by Hunter [10] at
the outlet of the flat nozzle.

The initial and boundary conditions were estab-
lished as:

• At the atmosphere, the outlet pressure is the to-
tal pressure Patm = 102, 387kPa (14,85 psi),and
the total temperature Tatm = 294, 444K (530
°R).

• The total inlet pressure of the flow is established
for two cases of pressure relationships rp = 2, 008
y rp = 3, 413 being the total input pressure
P0 = rp · Patm.

• The total inlet temperature
T0 = 294, 444K(530◦R), is of equal magnitude
than the temperature at the atmosphere. Due to
the symmetry of the domain in the x axis, in the
direction of the y axis the flow velocity is zero.

• The speed of the flow is zero in the adiabatic
walls.

where the pressure and temperature data for rp =
2.008 and rp = 3.413, have been taken from Hunter
[10].

2.3. Method of computational solution and
equipment

The code ANSYS-Fluent version 12.1, which applies
the finite volume method (FVM), was used for the
numerical solutions of the flow of air. Among the dif-
ferent solution alternatives, it was chosen the option of
analysis based in the density for a compressible fluid,
and 2D symmetry in the Cartesian xy plane.

In each numerical simulation, a unique turbulence
model was chosen in the following order: SST k − ω,
standard k− e, standard k−ω, transition k− klω and
RSM, for a total of five models. Sutherland equation
was selected for the viscosity of the fluid as a function
of temperature. The option Second Order Upwin was
selected under the flow conditions, for the turbulence
of the kinetic energy and for the type of specific dissipa-
tion. For the control solution, a Courant number equal
to 2 was determined, keeping the default relaxation

factors. A fixed value of 0.00001 was determined for the
residual monitor, for continuity, velocity and energy.
The final results for the steady-state flow conditions
were obtained after 9000-14 000 iterations.

A Síragon Laptop, model M54R, Intel Core 2 Duo,
two 1.8 GHz processors and 3 GB of RAM memory,
was employed for processing the data obtained in the
numerical simulations.

3. Results and discussion

3.1. Comparison of the static pressure profiles
with experimental data

In this section, the numerical curves of static pres-
sure obtained for the five turbulence models, namely
SST k − ω, standard k − e, standard k − ω, transition
k−kl−ω and RSM, were compared with experimental
data of static pressure from the work by Hunter [10], for
rp = 2.008 and rp = 3.413, respectively. The profiles
of static pressure correspond to the pressures along
the nozzle wall, starting at the inlet of the conver-
gent section and ending at the outlet of the divergent
section.

Figure 5 shows the static pressure profiles for
rp = 2.008, where during the drop and after a slight in-
crease in the static pressure, the five numerical curves
are close and are superimposed with the experimental
data up to an estimated position x = 70 mm. Follow-
ing these distance the numerical curves become apart
with respect to each other, and then become closer in
the way to the outlet of the divergent section.

In the extended detail shown in Figure 6, it can be
observed how the trajectories of the numerical curves
evolve after x = 70 mm, where the static pressure
starts to increase, thus starting the separation of the
flow from the wall/ The numerical curve corresponding
to SST k − ω is closer to the experimental data. The
RSM numerical curve exhibits an oscillatory behavior
on the experimental data of pressure. The standard
k − ω numerical curve has a behavior parallel to the
SST k−ω curve in the upper part. At last, the numer-
ical curves standard k − e and transition k − kl − ω
are very far from the experimental data in the lower
part, where the minimum pressure drop occurs.

Figure 7 shows the static pressure profiles for
rp = 3.413, which are close to the experimental data
up to x = 95 mm, after which they become separate.

In the extended detail shown in Figure 8, it can be
observed how the trajectories evolve after x = 70 mm.
Then, after x = 95 mm, the standard k − ω and the
SST k − ω turbulence models are superimposed, with
a slight separation in the vertical direction and close
to the experimental data; however, with respect to
these two numerical curves, the RSM one is closer to
the experimental data with small oscillations in the
upper part, the standard k-e is closer in the lower part,
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and the transition k − kl − ω numerical curve is the
farthest from the experimental data.

Figure 5. Profiles of static pressure at the wall, for
rp=2,008.

Figure 6. Extended detail of a section of Figure 5.

Figure 7. Profiles of static pressure at the wall, for
rp = 3, 413.

Figure 8. Extended detail of a section of Figure 7.

From the comparison of the numerical curves in
Figures 5 and 7, with respect to the experimental data
of static pressure of the flat nozzle from the work
by Hunter [10], the turbulence model SST k − ω by
Menter [20] better approximates such experimental
data.

3.2. Comparison of the numerical and experi-
mental shapes of the shock waves

The numerical simulations of the flow field with pres-
ence of shock waves in the flat nozzle, obtained for the
five turbulence models are shown in Figures 9 and 10
for rp = 2.008, and in Figures 11 and 12 for rp = 3.413.

The flow of air with rp = 2.008 in the divergent sec-
tion is over expanded, thus the shock wave is present
and it can be seen which regions show the Mach disc,
the oblique collision, the reflected oblique collision and
the beginning of the flow separation, identifying regions
in which the flow is supersonic, transonic and subsonic.
The over expanded flow is characteristic when the flow
decelerates in the divergent section due to an abrupt
increase in the pressure, passing from a supersonic to
a subsonic velocity when the collision occurs.

As the pressure of the flow increases at the inlet
of the nozzle, the shock wave moves to the outlet of
the nozzle. Similarly, the flow of air with rp = 3.413
is shown, and the over expanded flow in the divergent
section also presents the Mach disc and the reflected
oblique collision outside the nozzle; the divergent sec-
tion is in the range of x/xt = 1.0 − 2.0, where xt is
the variable distance from the position of the throat
to the outlet of the nozzle, in the range 57.785-115.57
mm.

For each case, from the beginning of the flow sepa-
ration downstream for the flow adjacent to the nozzle
wall, a recirculation of flow is produced due to the
pressure drop. As a consequence, an amount of air
mass from the atmosphere is forced to enter grazing
the nozzle wall.
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Figure 9. Shapes of the shock waves for different turbu-
lence models. Density (kg/m3 ) of the flow for rp = 3, 413.

Figure 10. Shapes of the shock waves for different tur-
bulence models. Contour lines of density (kg/m3) for
rp = 3, 413.
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Figure 11. . Shapes of the shock waves for different turbu-
lence models. Density (kg/m3) of the flow for rp = 3, 413.

Figure 12. Shapes of the shock waves for different tur-
bulence models. Contour lines of density (kg/m3) for
rp = 3, 413.

The profiles of the densities of flow obtained along
of the symmetry in the direction of the x axis for
the five models of turbulence, are shown in Figure 13
for rp = 2.008, and in Figure 14 for rp = 3.413. For
each case, it is seen the behavior of the trajectories of
the numerical curves, the decrease and increase in the
density where the shock wave is present.
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Figure 13. Density profiles evaluated at the symmetry of
the x axis, for rp = 2, 008.

Figure 14. Density profiles evaluated at the symmetry of
the x axis, for rp = 3, 413.

After comparing the numerical results of the shapes
of the shock waves in Figures 9 y 10 for rp = 2.008,
with the shape of the experimental shock wave cap-
tured with Schlieren technique that can be observed
in Figure 15 (from the work by Hunter [10]), it is seen
that for the SST k − ω turbulence model, the Mach
disc at the position x/xt = 1.5, the oblique collision,
the reflected collision and the beginning of flow sepa-
ration, are similar to the experimental results. With
respect to the other numerical results of the shapes
of the shock waves, some are displaced to the left and
some to the right, thus the Mach disc moves to the
position x/xt = 1.5. It can be pointed out that the
Mach discs, which correspond to a normal wavefront,
vary their width for each model of turbulence.

Similarly, comparing the shapes of the shock waves
shown in Figures 11 and 12 for rp = 3.413, with the
shape of the experimental shock wave in Figure 16, it
can be seen that the SST k−ω turbulence model better
fits the experimental result, although the Mach disc
outside the nozzle is of smaller length with respect to
the shape of the experimental shock wave. The other
shapes of the numerical shock waves are displaced,
some to the left and others to the right, thus the same
will occur with the Mach disc.

Figure 15. Shape of the shock wave for rp = 2.008.
Adapted from the work by Hunter [10].

Figure 16. Shape of the shock wave for rp = 3.413.
Adapted from the work by Hunter [10].

As shown in Figures 9 to 12, the shock waves vary
their shape according to the turbulence model em-
ployed in the simulations, and the beginning of the
flow separation is not kept at a fixed position.

The experimental Mach disc for rp = 2.008 is at
x/xt = 1.5, with location x = 86.677 mm, where
xt = 57.785 mm. Due to difference in density, which
can be appreciated by the gray scale, it can be seen
that there is a thickness of the shock wave, since the
flow suddenly goes from a low to a high pressure, thus
the velocity of the flow suddenly decelerates in a time
instant. The same occurs for the shock wave present
outside of the nozzle for rp = 3.413 at x/xt = 2.11,
with location x = 122.06 mm.

The numerical simulations have given for each
Mach disc, the thicknesses of the wavefront in the
x axis symmetry of the compressible flow domain, the
position and the percentage of displacement, which
are shown in Table 2 for rp = 2.008 and in Table 3 for
rp = 3.413.

The simulated flow for rp = 2.008 shows that the
position of the Mach disc coincide for SST k − ω and
standard k − ω, and are separated 0.0068% by the
left extreme of the position of the experimental Mach
disc; this displacement to the left is indicated by the
negative sign in Table 2. On the other hand, by the
right extreme are separated 7.86% the standard k-e,
10.96% the transition k − kl − ω and 0.61% the RSM.
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The standard k − ω has the greater thickness of the
Mach disc, while the transition k − kl − ω has the
smallest. The Mach discs for the SST k − ω, standard
k − ω and RSM turbulence models have less than 1%
displacement with respect to the position of the exper-
imental Mach disc, which is acceptable in engineering;
nevertheless, according to the numerical results, the
SST k− ω is the turbulence model that better fits the
experiment.

It should be pointed that the thickness of the Mach
disc was obtained from the density profiles, in the x
axis symmetry, from the initial position where the den-
sity of the flow starts to increase to the final position
where the maximum compression is reached. Figure
13 shows the density increase, for the estimated range
85-90 mm, which is the region where the collision front
is present for the numerical simulations.

For rp = 3, 413, the positions of all Mach discs are
displaced to the right with respect to the experimental
Mach disc, as shown in Table 3. The With 1.27%, the
SST k−ω has the smallest percentage of displacement,
while the transition k − kl − ω has the largest per-
centage of displacement with 8.14%. For this case, the
thicknesses of all Mach discs are greater with respect
to the simulated flow for rp = 2.008. Similar to the
previous case, the result of the SST k − ω turbulence
model exhibits the best fit to the experiment.

Table 2. Thickness, position and percentage of displace-
ment of each Mach disc with respect to the experimental
Mach disc at x = 86.677 mm, for rp = 2.008

Turbulence Espesor Position Percentage of
model (mm) x (mm) displacement

SST k − ω 1,017 86,671 -0,007
k − e 1,017 93,492 7,862
k − ω 5,384 86,671 -0,006

k − kl − ω 0,718 96,184 10,968
RSM 2,153 87,21 0,614

Table 3. Thickness, position and percentage of displace-
ment of each Mach disc with respect to the experimental
Mach disc at x = 122.06 mm, for rp = 3.413

Turbulence Espesor Position Percentage of
model (mm) x (mm) displacement

SST k − ω 3,983 123,619 1,277
k − e 3,915 127,568 4,512
k − ω 6,49 124,873 2,034

k − kl − ω 4,941 131,996 8,14
RSM 3,1 124,061 1,639

For both cases rp = 2.008 and rp = 3.413, in which
the flow is over expanded in the divergent section of
the flat nozzle, the shapes of the shock waves obtained
for the SST k − ω turbulence model have the best fit

to the experimental shock waves shown in Figures 15
and 16.

It should be pointed that a case study for the
same geometry of the flat nozzle [10] considered in
the present work, but with a porous surface in the
flat wall of the divergent section, was conducted by
Abdol-Hamid et al. [36], who simulated the 3D flow
for the three turbulence models standard k − e [16],
SZL [12] and RSM [21], comparing with experimental
results. The 3D results obtained in the symmetry of
the flat wall, did not significantly contribute in an
improvement when compared to the 2D results, for
the range 1.41 < rp < 2.1 in the pressure relationship.

For flow in domains that have symmetry, the fa-
vorable option is to simulate in 2D due to the save in
hours of computational cost, which reduces the time of
iteration and yields favorable results in specific regions,
without having to use 3D flow simulation to obtain
similar results in symmetry. Nevertheless, the 3D sim-
ulation provides relevant information away from the
symmetry, in the corners of the walls, where the flow
regime suddenly changes; for this it should be consid-
ered the use of turbulence models which have been
already validated, and furthermore, if more precision
is required in the numerical results the models LES or
DNS should be employed.

The obtained numerical results are related to the
mathematical fundamentals of each turbulence model,
and the evaluation method applied in the region of
the turbulent limit layer, because of the presence of
shear stress in that region of flow. Besides, in the limit
layer there are two parameters involved, namely the
thickness and the friction coefficient, for both laminar
and turbulent flow.

The SST k − ω turbulence model is a model of
the Shear Stress Transport (SST) which employs two
equations, one for the turbulent kinetic energy k, and
the other for the specific dissipation rate ω, where the
latter determines the turbulence scale. The mathemat-
ical expressions which are part of this structure are:
the eddy viscosity, which transports the momentum by
means of the turbulent eddies; the generation of turbu-
lent kinetic energy due to gradients of mean velocity
and the transverse diffusion, among other variables
and constants which are used as parameters for the
development of the flow regime.

This model has the ability of forecasting the behav-
ior of the compressible fluid with more precision for
opposite pressure gradients, which in the simulations
demonstrates where the front of the shock wave is
present in the symmetry in the direction of the x axis.
The sensitivity to abrupt pressure variations, which
produce the separation of flow from the divergent wall,
is slightly smaller with respect to the turbulence mod-
els k−e and RSM, which are closer to the experimental
data.

Nevertheless, the SST k − ω turbulence model ex-
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hibits better numerical results compared to the other
turbulence models employed.

4. Conclusions

After evaluating the five turbulence models, namely
SST k − ω, standard k − ω, standard k-e, transition
k − kl − ω and RSM, which were employed in numer-
ical simulations of an over expanded flow, it can be
concluded that:

Regarding the profiles of static pressure obtained
in the simulations along the walls of the flat nozzle,
the turbulence model SST k − ω exhibited the best fit
to the experimental data for the pressure relationships
rp = 2.008 and rp = 3.413.

The profiles of density evaluated in the symmetry
of the x axis, for rp = 2.008 and rp = 3.413, exhibit
an abrupt increase in magnitude where the shock wave
is present, and the SST k − ω turbulence model has
the steepest slope.

The shapes of the shock waves for the field of den-
sity, obtained in the simulations with the SST k−ω tur-
bulence model for the pressure relationships rp = 2.008
and rp = 3.413, are similar to the shapes of the ex-
perimental shock waves captured with the Schlieren
technique, where for rp = 2.008 the Mach disc is dis-
placed 0.007% to the left, and for rp = 3.413 the Mach
disc is displaced 1.277% to the right.

For further works it is recommended to simulate
the 3D flow and compare with the results of this work,
to determine the numerical deviations that could oc-
cur with respect to the experimental data of pressure.
Besides, simulate the flow with the SST k − ω turbu-
lence model for the fields of static temperature, Mach
number and pressure, to obtain the magnitude of the
physical parameters before and after the shock wave.
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